Time variable A and the accelerating Universe 
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We perform a deductive study of accelerating Universe and focus on the importance of variable 
time- dependent A in the Einstein's field equations under the phenomenological assumption, A = 
olH 2 for the full physical range of a. The relevance of variable A with regard to various key issues 
like dark matter, dark energy, geometry of the field, age of the Universe, deceleration parameter 
and barotropic equation of state has been trivially addressed. The deceleration parameter and the 
barotropic equation of state parameter obey a straight line relationship for a flat Universe described 
by Friedmann and Raychaudhuri equations. Both the parameters are found identical for a = 1. 

PACS numbers: 98.80.Jk, 98.80.Cq. 



To account for the vast majority of mass in the observ- 
able Universe and to explain its accelerated expansion, 
the physical cosmology of today requires two outstanding 
concepts: (i) the matter which does not interact with the 
electromagnetic force - dark matter (ii) and the hypothet- 
ical energy that tends to increase the rate of expansion 
of the Universe - dark energy. 

Zwicky [H, using Virial Theorem, had suggested for 
a possible existence of dark matter long ago, which was 
later on supported by the studies of rotation curves]!, [1] , 
gravitational lensing 0, CMB anisotropy @, 0] and 
bullet clusters [1, Q. The advent of inflationary the- 
ory [13, U, [HI led to the convincing belief that 96% 



of matter content of the Universe is hidden mass con- 
stituted by 23% dark matter and 73% dark energy [l3| . 
Dark matter plays a central role in early Universe during 
structure formation and galaxy evolution because of its 
nature to clump in sub-megaparsec scales. COBE and 
CMB experiments suggest that baryonic dark matter is 
not more than a small fraction of the total dark matter 
present in the Universe 14|. More to it, observational 



constraints reg arding neutrino mass and relic neutrino 
density T^, 16[ eliminate the possibility of hot dark mat- 
ter in favor of cold non-baryonic dark matter [141 ] . 

Observational results for an accelerating Universe 17], 
[l8j favored the idea of an accelerating agent that had 
been referred to as dark energy. In accordance with 
the data, the already introduced Standard Cold Dark 
Matter (SCDM) model is found giving way to A-CDM 
model that has an advantage of assuming a nearly scale- 
invariant primordial perturbations and a Universe with 
no spatial curvature as predicted by the Inflationary the- 
ory [3, [5(1 21 1- It is found in good agreement with 



various observational results [22|. In the A-CDM see- 
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nario the present acceleration of the Universe cannot be 
a permanent feature because, structure formation cannot 
proceed during acceleration. Thus, the Universe must 
have undergone a decelerating phase prior to the present 
accelerating phase [23j ■ Observational evidence [3] also 
supports this idea. So, the deceleration parameter must 
have undergone a flip in sign during cosmic evolution. 

One of the favorite candidates among the dark energy 
models is related to dynamic A (for an overview see 25] 
and [26j]). In fact, the concept of dark energy and the 
physics of accelerating Universe appears to be inherent 
in the A-term of Einstein's field equations. Herein, we 
perform a study of accelerating Universe in context of 
the time-dependent A in the field equations and reveal 
the importance of dynamic A while addressing various 
key issues and some known physical observables like dark 
matter, dark energy, geometry of the field, deceleration 
parameter and its sign flip, age of the Universe and equa- 
tion of state parameter. 

For this we consider the Einstein's field equations, 
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which yield Friedmann equation 
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for the spherically symmetric FLRW metric. We also get 
Raychaudhuri equation 
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in connection to the evolution scenario for expansion of 
null or time-like geodesic congruences. Here, A = A(t) is 
the time-dependent function of the erstwhile cosmological 
constant as introduced by Einstein, a = a(t) is the scale 
factor of the Universe and k is the curvature constant. 

The Raychaudhuri equation ((3]) at once shows that for 
p + 3p = 0, acceleration is initiated by the A-term only 
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that seems to relate A with dark energy. It also shows 
that for a positive A, the Universe may accelerate with 
the condition p + 3p < i.e. p is negative for a posi- 
tive p with a definite contribution of A in the acceler- 
ation. The placement of A in the field equations itself 
suggests for it to be a part of total energy momentum 
fij = Tl] _ Ag ij/ 8nG of thc Universe. In fact, for a 

variable A, solutions of field equations are possible only, 
if instead of T 1 - 7 , the total energy momentum T y is con- 



served [27j and in that case the second term {—hg lJ /&TtG) 
of the above equation acts as an additional source term in 
the field equations. In the observational front, the data 
set coming from the Supernova Legacy Survey (SNLS) 
during its first year of observation show that dark energy 
behaves in the same manner as that of a cosmological 
constant to a precision of 10% [28| . Thus, A being a 
time-dependent function, its effect on field equations in 
regard to the accelerating Universe is a pertinent study. 
Using Friedmann equation (|2|) for energy density 
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and the deceleration parameter 
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in Raychaudhuri equation ([3]), one may arrive at follow- 
ing expression for the pressure 
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Now we Consider the phenomenological assumption A ~ 
2ll 2^, 3(J. Theoretical and observational val- 
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ues of A and p for t he p resent day Universe, respective! 



l-2xl0" 35 s- 2 



HHH and 4.5-18 x Kr au gmcm- a [3J 
suggest a more general form A = aH 2 with 0.4 < a < 
2.0. As shown later, the physical constraint on a requires 
< a < 3. In view of this wide observational uncertainty 
in a with regard to its relationship with the time vari- 
able A should thus be taken carefully while studying field 
equations for the evolution of the Universe. 

Under the same assumption A = aH 2 , for a flat Uni- 
verse, equation (H]) reads as 
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giving thereby a = 3A /(A + 8ttGpo). Similarly, equa- 
tion reads as 



P0 = -8^ il - a - 2Q0) = ^G 



(8) 



Here, subsricpt refers to the values of present day Uni- 
verse. Not ignoring the fact that the flat Universe would 
continue evolving with variable H , the present value, Hq, 



and other related quantities (Ao, po, po and go) may be 
treated as dynamic and time variable. 

Equations (J7|) and (J3]) yield the barotropic equation of 
state 
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representing a straight line 
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with dqo/dujo = (3 — cn)/2. For a = 1, equation of 
state parameter equals the deceleration parameter and 
therefore is expected to obey the same physical condi- 
tions. More to it, as a direct consequence of Friedmann 
and Raychaudhuri equations, we get while adding equa- 
tions ® and (0) 



This 




for the vacuum equation of state, Po + Po = 
3~l . I351 . [36( | , provides the condition of constant ac- 
celeration (g = —1) |37[. In general, the matter-energy 
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density being positive the counterpart negative pressure 
acts as a repulsive agent and hence the vacuum equation 
of state has a deep implication in the case of accelerating 
Universe scenario. Obviously, for a collapsing Universe 
with positive p, we find qo < — 1 and for an accelerat- 
ing Universe we have go > — 1- Its higher limit may be 
positive depending upon the density. It is evident from 
equation (TTTj) that the fate of the Universe depends on 

Bearing in mind the Hubble's law and the assumption 
A = aH 2 , we may directly arrive from equation ([5]) at 
g = — 1 — A /2ai?Q. This demonstrates that for A = 
or for Aq/Hq = constant, the Universe has been evolving 
through a constant acceleration as indicated earlier 37 1. 
It is interesting to note here that Einstein initially ob- 
tained an expanding Universe with A = (and hence to 
counteract the dynamical effects of gravity, which would 
cause the matter-filled Universe to collapse, he later on 
adopted a non-zero A to obtain a static model) while de 
Sitter obtained a similar expanding Universe with con- 
stant A and devoid of any ordinary matter (which ulti- 
mately made Einstein to drop the cosmological constant 
from his general relativistic field equations). We are also 
curious about the situation A = which, by virtue of 
the equation l|7]). makes the energy density to vanish. It 
seems to correspond to the special relativistic Universe 
of Milne [38| under the zero-density limit of the expand- 
ing FRLW metric with no cosmological constant 27| but 
with A = aH 2 . 

The available observational data for redshift and scale 
factor have got flexibility, though limited, to distin- 
guish between a time varying and a constant equation 
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FIG. 1: Variation of qo with respect to ujq as given by equa- 
tion (|10|) . The stair shaded area represents experimental go 
with uncertainty j45|. The bold face triangle represents the 
allowed region due to physical conditions 0.0 < a < 3.0 and 
—0.46 > wo > —1.0. The dotted, dashed, long-dashed, solid, 
chain, thick dotted, thick dashed, thick long-dashed, thick 
solid and thick chain curves, respectively represent the values 
of a as 0.3, 0.6, 0.9, 1.0, 1.2, 1.5, 1.8, 2.1, 2.4 and 2.7. 



of state [39|, |40|. It, therefore, supports a time variable 
uiq. Such a time variable ujq has been used in literature 



by many authors 41, 4^, 43] to predict various physical 
observables of the Universe. Some useful limits on wn 



was suggested by SNIa data, -1.67 < lu < -0.62 44] 
whereas refined values come from combined SNIa data 
with CMB anisotropy and galaxy clustering statistics 
which arc —1.33 < ujq < —0.79 [22j. Moreover, inflation 
at an early stage scales the parameter ujq, which com- 
bined with the above data and dark energy constraint 
(u>o > —1.0) suggests a physical condition, —0.46 > ujq > 
— 1.0 [43j. In the light of our previous discussion, q too 
must obey the same physical conditions as u>o but for 



a = 1. The experimental limits, -0.75 < q < -0.48 45] 
does fall in this range, which supports the view point that 
a variable loq provides physical reason for a nonzero value 
of Ao and for a limited time variability for it. 

For an accelerating Universe, Ao must be positive, so 
is a. We plot the linear relationship (JTOJ) for different val- 
ues of a within its physical range in Fig.[T] We choose u>q 
from 0.0 to -1.0 covering the range —0.46 > ujq > —1.0. 
To reproduce experimental qo, we require smaller val- 
ues of a for smaller values of loq. The hypotenuse and 
the base of the bold face triangle, respectively represent 
a = (or Ao = 0) and a — 3, thereby representing 
the full physical region. We may compare a = plot 
with other lines of the Figure representing positive val- 
ues of a (or respective values of Ao) to extract the effect 
of Ao on go- The thin solid line shows the case, a = 1. 
We find qo negative within the bold face triangular re- 
gion demarcated by physical conditions 0.0 < a < 3.0 
and -0.46 > u>o > -1.0. The values a > 9/4 (or 
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FIG. 2: The upper and lower panels show age of the Universe 
and Pg/po (representing hidden mass), respectively. The stair 
shaded area shows observed age of Universe at present with 
uncertainty [33]. The horizontal line in the lower panel rep- 
resents observed hidden mass i.e. 96% |13J. The description 
of various curves for a is the same as in Fig. [T] 



fl\ > 3/4) lies below the experimental q . Towards 
the smaller values of a (a < 0.7) and higher values of 
uj (—0.2 < uj < 0.0), q is observed to flip the sign 
in the accelerating epoch. Before the present cosmic ac- 
celeration, which had started only recently (a few Gyr 
earlier), the Universe was expanding with deceleration. 
So, at the turnover stage (from deceleration to accelera- 
tion), the deceleration parameter must have changed its 
sign. It is worth noting here that go and a (hence Ao) de- 
termine the fate of the Universe. One may arrive at the 
same conclusion through recognizing the fact that density 
is directly proportional to A . Hence, time variability of 
Aq can not be put aside while addressing the geometry of 
the Universe. One of the predictions of the inflation the- 
ory is a flat Universe with a large value of A in the early 
stages of the Universe. Thus, one may argue that it is the 
cosmological parameter that determined the geometry of 
the Universe and made it flat during inflation. 

We now focus on the implications of Ao on the hidden 
mass. We may, from equation ([7|), deduce that Ao oc Hq 
is equivalent to Ao oc po as have been suggested for other 
type of phenomenological A-model [271 • It may also be 
shown that the ratio pal Po gives a measure for the hidden 
mass of the Universe. On the basis of the phenomeno- 
logical model A ~ H 2 [30l |. the present density has been 
obtained as po — 3.3 x 10 _30 gmcm~ 3 , which is close to the 
lower limit of the value obtained by Guth [32]: 4.5 — 18 x 
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10 _30 gmcm~ 3 . Therefore, knowing the measured galac- 
tic mass density, pa — 4.5 x lCU 31 gmcm~ 3 [46], one finds 
Po ~ 0.025/9 — 0.15p suggesting thereby that the galac- 
tic mass density is about 2.5% - 15% of the total mass 
density of the present Universe. Hence, according to the 
present model there is hidden mass ranging from 85% - 
97.5%, which seemingly approves the value of Ref. 
Variation of pa / Po is shown in the lower panel of Fig. [2] 
with respect to A and a. Higher values of A and lower 
values of a demonstrate large missing mass. 

On the basis of the most recent observations Wein- 
berg [371 reports the age of the Universe as s» 12.4 — 14.7 
Gyr. Dynamic A model has also been used to estimate 
the age [jR |48| , however it seems to suffer either from 
low-age like 5.4 Gyr [25| that is less than the estimated 
globular cluster ages, 12.5 ± 1.2 Gyr [47J or it is as high 
as 27.4 ± 5.6 Gyr |H|. With the variations of a and A 
we plot our calculations in the upper panel of Fig. [2j We 
notice that all the values of a within its physical range re- 
produce observed age of the Universe but with a suitable 
Aq. One requires, smaller values of Ao, for the smaller 
values of a in order to be close with observation. This 
sheds light on the important time variability of Hq and 
its correlation to Hq, Aq oc Hq. 

In the present paper, it has been possible to arrive at 
various interesting physical ideas of modern cosmology 
through simple considerations of time variability of the 
observables of flat Universe, specially A . We have con- 
sidered the phenomcnological assumption, Ao = uHq, 
for the full physical range of a and hence the relevance 
of time variable A with regard to various key issues like 
dark matter, dark energy, geometry of the field, age 
of the Universe, deceleration parameter and barotropic 
equation of state has been trivially addressed. Interest- 
ingly, the deceleration parameter qq and the barotropic 
equation of state parameter luq have been found to obey 
a straight line relationship (equation (fTO]) ) with slope 
dqa/duiQ — (3 — a)/2 for a flat Universe described by 
Friedmann and Raychaudhuri equations. For a = 1, 
both the parameters, ujq and qQ, are equal and hence 
are expected to obey the same physical conditions. The 
assumption, Ao = chHq, seems to represent the Milne 
Universe. It has been shown that within the physical 
limits of accelerating Universe, go may flip its sign to- 
wards lower end values of a and higher end values of u)q . 
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